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• In many situations, producers and retailers are aiming to minimize their costs or 
maximizing their profits.  

• Producers and retailers can form coalitions in order to obtain/save as much as possible. 
Constitutively, a transportation situation consists of two sets of agents called       
producers and retailers which produce/demand goods.                                                  
The transport of the goods from the producers to the retailers has to be profitable.  

• Therefore, the main objective is to transport the goods from the producers to the 
retailers at maximum profit (Aparicio et al. (2010)). Such a cooperation can occur in 
transportation situations (Sanchez Soriano et al. (2001, 2006)). However, when the 
agents involved agree on a coalition, the question of distributing the obtained benefit 
or costs among the agents arises. 

• Cooperative game theory is widely used on interesting sharing cost/profit problems in 
the areas Operations Research such as connection, routing, scheduling, production and 
inventory, transportation situations (Borm et al. (2001)). 

 

 

 

 

 

Introduction 



What Has Been Done 

• Transportation games are examined in Sanchez-Sorianao et al. (2001). 
• Our paper surveys the core of the transportation games and proves the 

nonemptiness of the core of transportation games.  
• Moreover, they  provide some results about the relationship between the 

core and dual optimal solutions of the transportation problem.  
• Sanchez-Soriano (2003) introduces an ad hoc solution concept for 

transportation games called the pairwise Egalitarian solution. 
• In the sequel, Sanchez-Sorianao et al. (2006) examines the relationship 

between the so-called pairwise solutions and the core of transportation 
games.  

• Furthermore, they show that every core element of a transportation game 
is contained in a pairwise solution with a specific weight system. 

 



What Has Been Done: Continued 
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Preleminaries 



Preleminaries: Interval Calculus 



Transportation Situations 



Mathematical Modelling of Transportation 
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Transportation Interval Situations 



Transportation Interval Games 
For every transportation interval situation (𝑃, 𝑄, 𝐵′, 𝑝′, 𝑞′) and every coalition 
𝑆 ⊂ 𝑁:= 𝑃 ∪ 𝑄, with origin players 𝑆𝑃: = 𝑆 ∩ 𝑃 and destination players 
𝑆𝑄: = 𝑆 ∩ 𝑄, and assuming that these sets are both non-empty, we can define the 

maximization problem of the pessimistic scenario is expressed by: 
  

 

𝑇 𝑆 : maximize  ‍𝑖∈𝑆𝑃
 ‍𝑗∈𝑆𝑄

𝑏𝑖𝑗
′ 𝑥𝑖𝑗

 suchthat  ‍𝑗∈𝑆𝑄
𝑥𝑖𝑗 ≤ 𝑝𝑖

′, 𝑖 ∈ 𝑆𝑃 ,

   ‍𝑗∈𝑆𝑃
𝑥𝑖𝑗 ≤ 𝑞𝑗

′ , 𝑗 ∈ 𝑆𝑄 ,

  𝑥𝑖𝑗 ≥ 0,   𝑖, 𝑗 ∈ 𝑆𝑃 × 𝑆𝑄 ,

 (1) 

and the maximization problem of the optimistic scenario is stated as: 
  

 

𝑇 𝑆 : maximize  ‍𝑖∈𝑆𝑃
 ‍𝑗∈𝑆𝑄

𝑏𝑖𝑗
′ 𝑥𝑖𝑗

 suchthat  ‍𝑗∈𝑆𝑄
𝑥𝑖𝑗 ≤ 𝑝𝑖

′, 𝑖 ∈ 𝑆𝑃 ,

   ‍𝑗∈𝑆𝑃
𝑥𝑖𝑗 ≤ 𝑞𝑗

′ , 𝑗 ∈ 𝑆𝑄 ,

  𝑥𝑖𝑗 ≥ 0,   𝑖, 𝑗 ∈ 𝑆𝑃 × 𝑆𝑄 .

 (2) 

 



Shapley Value 

Definition:  Given a coalitional game (N,v),  the Shapley value of player i is given by 
                                                                                                     

. 
 
This captures the average marginal contribution of agent i, averaging over all the different 

sequences according to which the grand coalition could be built up from the empty 

coalition.  

  

Imagine that the coalition is assembled by starting with the empty set and adding one 

agent at a time, with the agent to be added chosen uniformly at random. 

f(i)(N,v) =
1

N!
S

SÍN \ i{ }å !(N - S -1)![v(SÈ i{ })- v(S)]N S   



Interval Shapley Value of a Transportation Interval Game 

The interval Shapley value Φ: 𝑆𝑀𝐼𝐺𝑁 → 𝐼(ℝ)𝑁 is defined by  

 Φ(𝑣′): =
1

𝑛!
 ‍𝜎∈Π(𝑁) 𝑚

𝜎(𝑣′), for  each  𝑣′ ∈ 𝑆𝑀𝐼𝐺𝑁 . 

  
The following example shows the calculation of the interval Shapley value in the 
transportation interval game. 
  
Example. Consider < 𝑁, 𝑣′ > be transportation interval game,  
where  𝑁 = 1,2,3  and the characteristic function 𝑣′is given by 
 𝑣′ 1 = 𝑣′ 2 = 𝑣′ 3 = 𝑣′ 23 = 0,0 , 
 𝑣′ 12 = 2,4 , 𝑣′ 13 = 2,3 , 𝑣′ 123 = 4,18 . 
Then, the interval marginal vectors are given in the following table. The set of 
permutations of 𝑁 are  

 𝜋 𝑁 =
𝜎1 = 1,2,3 , 𝜎2 = 1,3,2 , 𝜎3 = 2,1,3 ,

𝜎4 = 2,3,1 , 𝜎5 = 3,1,2 , 𝜎6 = 3,2,1
 

Firstly, for 𝜎2 = 1,3,2 , we calculate the interval marginal vectors. Then,  

 𝑚1
𝜎2 𝑣′ = 𝑣′ 1 = 0,0 , 

 𝑚2
𝜎2 𝑣′ = 𝑣′ 123 − 𝑣′ 13 = 4,18 − 2,3 = 2,15 , 

 𝑚3
𝜎2 𝑣′ = 𝑣′ 13 − 𝑣′ 1 = 2,3 − 0,0 = 2,3 . 

The others can be calculated similarly, which is shown in Table 1.  

. 
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Core 

Definition: 
 

A payoff vector  is in the core of a coalitional game (N,v), if and only if  
 

 
 

So, core elements are imputations which are stable against coalitional deviations. No 
Coalition can rightfully object to a proposal  
 

   
because what this coalition is allocated in total according to x at least what it can 
obtain by splitting off from the grand coaltion. In particular, if   
 

  
then in any divison of 
 

 
among the members of S, at least one player gets strictly less then what he gets 
according to x. 

x

"S Í N , xi = v(N )
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The interval core of the transportation interval game 

𝑇𝐷 𝑆 : minimize  ‍

𝑖∈𝑆𝑃

𝑝𝑖𝑢𝑖 +  ‍

𝑗∈𝑆𝑄

𝑞𝑗𝑣𝑗

 suchthat 𝑢𝑖 + 𝑣𝑗 ≥ 𝑏𝑖𝑗 , 𝑖, 𝑗 ∈ 𝑆𝑃 × 𝑆𝑄,

  𝑢𝑖 , 𝑣𝑗 ≥ 0, 𝑖 ∈ 𝑆𝑃, 𝑗 ∈ 𝑆𝑄,

 

and the dual problem of the maximization problem of the 
optimistic scenario 2  is given by the minimization problem: 
  

 

𝑇𝐷 𝑆 : minimize  ‍𝑖∈𝑆𝑃
𝑝𝑖𝑢𝑖 +  ‍𝑗∈𝑆𝑄

𝑞𝑗𝑣𝑗

 suchthat 𝑢𝑖 + 𝑣𝑗 ≥ 𝑏𝑖𝑗 , 𝑖, 𝑗 ∈ 𝑆𝑃 × 𝑆𝑄,

  𝑢𝑖 , 𝑣𝑗 ≥ 0, 𝑖 ∈ 𝑆𝑃, 𝑗 ∈ 𝑆𝑄.

 

The dual problem of the maximization problem of the pessimistic 

scenario (1) is given by the minimization problem: 
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Conclusion and Outlook 
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