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Introduction

learning from data has become very important
in every field of science and technology, e.g., in

« financial sector,

quality improvent in manufacturing,
computational biology,

medicine and

engineering.

Learning enables for doing and



Regression

« Regression is mainly based on the methods of
— Least squares estimation,
— Maximum likelihood estimation.

« There are many regression models
— Linear regression models,
— Nonlinear regression models,
— Generalized linear models,
— Nonparametric regression models,
— Additive models,
— Generalized additive models.
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Robustification

» The known statistical methods suppose that the input data are exactly known (fixed) in
developing models. This introduces a weakness to the methods since, in real-life, both
output and input data include uncertainty in the form of noise.

» The presence of noise and data uncertainty raises critical problems to be dealt with on
theoretical and computational side.

« Consequently, after the recent financial crisis, it has been realized that the known
statistical models may not give trustworthy results.

* Robustification has started to draw more attention in many fields and the corresponding
regression problems usually depend on complex data bases that are affected by noise
and uncertainty.

* Robust Optimization has gained lots of concentration from both a theoretical and a
practical point of view as a modeling framework for “immunizing’’ against parametric
uncertainties in mathematical optimization.

It is a modeling methodology to process optimization problems in which the data are
uncertain, and are only known to belong to some uncertainty set.



To estimate general functions of high-dimensional arguments.
An adaptive procedure.

A nonparametric regression procedure.

No specific assumption about the underlying functional relationship between the
dependent and independent variables.

Ability to estimate the contributions of the basis functions so that additive and
interactive effects of the predictors are allowed to determine the response
variable.

Uses expansions in piecewise linear basis functions of the form

c(x7)=[+x-7)],, c(x7)=[-(x=7)],.

[a], :==max{0,q}



C(49) =[x,

Letus consider Y = f(X)+¢, et e

The goal is to construct reflected pairs for each input X ; (1=12,..,p).



e e S i e —
MARS

Set of basis functions:

goiz{(Xj —T)+,(T—Xj)+ |re{)~(1,j,)~(2’j,...,)~(N,j}, J 6{1,2,..., p}}
Thus, f(X) can be represented by

M
Y=6,+) 6. (X")+e.
m=1

v, (M=12,...,M) are basis functions from ¢o or products of two or more such functions;
interaction basis functions are created by multiplying an existing basis function with a truncated
linear function involving a new variable.

Provided the observations represented by the data (X.,V.) (i1=12,...,N):
Km
W (Xm) = H[S,(En A (X,(En s T,(En )]+1
j=1

where X™: subvectors of X .
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Two subalgorithms:

(i) Forward stepwise algorithm:
Search for the basis functions.
Minimization of some “lack of fit” criterion.
The process stops when a user-specified value M, Is reached.
Overfitting.

This model typically overfits the data; so a backward deletion procedure is
applied.

(i) Backward stepwise algorithm:

Prevents from over-fitting by decreasing the complexity of the model
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MARS

Remove from the model smallest increase

at each stage, producing an optimally estimated model f
with respect to each number of terms, called « .

u

4 1s related with some complexity of the estimation.
To estimate the optimal value of

- BN ERAC)S
LOF(f,) = GCV(u):= T

M(u) =u+dK

N := number of samples,

U := number of independent basis functions,

K := number of knots selected by forward stepwise algorithm,
d := cost of optimal basis.

o Alternative:
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PRSS for MARS

2

Mmax
i=1 m=1 |6|=1 r<s
0" =(6,.6,) r,seV(m)

V(m)={«]j=12,..K,}
G e

0T=(91,92) [ my . 0 G 4mAb,¢m m
|9| =6, +0,, where 6,6, 6{0,1} Dr,SWm (t )': (a Wm/é tr 0 2ts )(t )

Tradeoff between both and
Penalty parameters ¢, .



and Tikhonov Reg

W (B) = (L3 (R)res g (R0 a () (K1) )
(

M M+l gM+2 oM T
froane Xi max)

K

X

T
G (ao’al""’a'\"max ) : (o )je{1,2,...,Km} & {0’1’ 2, N +1}Km

w(®):=(v®)...v6,)) t e R o0

|6]=1 r<s
6"=(6,,6,) r,seV(m)

Lisan (M., +D)x(M, . +1) matrix.



QP and Tikhonov Reg Izati ARS

For a short representation, we can rewrite the relation as

(N+1)Km

PRSS = Hy—w(ﬁ)aHz+ %‘Mm N 2 ol
m=1 i

1=1

In case of the same penalty parameter ¢ =g, (=A%) , then:

P 2 2
PRSS = |y-y(b)a| + 4|La],.

Tikhonov regularization



for MARS

Conic quadratic programming:

min t,
t,0

subject to Hy/(ﬁ)a— yH2 <t,

|La, <V

Ingeneral : ~ min ¢'x, subjectto [Dx—d;|, < p/x-q (i=12,..Kk).



COP for MARS

Moreover, (t,a, . n, 0, ®,)is a primal dual optimal solution

[0y w) |(t) (-vy
¥ : + ,
1 Oy u)\a 0
n-= ,
O O-II\-/ImaX+1 a \/ M

if and only if

01[;1 1 01!\—/Imax +1 O 1
~ ), + o), = A
W(b)T OMmaXJrl : I—T OMmax+1 : OMmax+1

T LR [T
N+1 Mmax +2
wel ™, wel ,

X € LN+1, G LMmax+2.
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_ COP for MARS

CQPs belong to the well-structured convex problems.

Interior Point Methods.
e Better complexity bounds.

e Better practical performance.

C-MARS




e Idea of Robust (C)MARS

(C)MARS models depend on the parameters.
Small perturbations in data may give different model parameters.

This may cause unstable solutions.

In R(C)MARS, the aim is to reduce the estimation error
while keeping efficiency as high as possible.

In order to achieve this aim, we can use some approaches:
e scenario optimization
e robust counterpart
e usage of more robust esrimators

By using robustification in (C)MARS, the estimation variance will decrease.



and Applications,

ust Optimization

IMA Tutorial, March 11, 2003

e Robust counterpart may be much harder
than original problem

e Hence we may need to approximate

nominal boundary

. A

approximate

- —— —— —
e s e el

v robust

| \ nominal

objective vector




ust Optimization

robust conic programming

e Conic program in dual form:

max bly : ¢c— ATy e K,

e Assume A € U, otherwise unknown.

e Robust conic program:

max b1y : YVAeU, c—ATye K.

e Still convex, but maybe much harder than original conic program.



ust Optimization

polytopic uncertainty

e Robust conic program:

max bTy : VAelU, c— ATy e K,

e If U is a polytope described by its vertices:
U=Conv{Ay,..., AL},
then robust conic program is an ordinary conic program:

max bly : c—A,LTyEK, v=1,...,L.

e Drawback: in practice, vertices may not be known or too many to handle.



ust Optimization

robust CQP

e Robust SOCP has the form
min e’z : Yuel, [[A;(uw)x+bi(u)|z < c;(u)lz + di(u)
may be hard in general.

e Case of ellipsoidal uncertainty: if

— U is an ellipsoid
— data (A4, b;, ¢;,d;) are affine in u

— uncertainties affecting (A;, b;) are independent of those affecting (c;, d;),
then robust CQP can be solved as an SDP
e see Ben Tal, Nemirovski, E1 Ghaoui (2000),
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RCMARS

General model on the relation between input and response :

Y=1(X)+ ¢, XX X

noisy input data value

X . is random variable, and we assume that it is normally distributed.

J
X —X ¢
mean
error term

To employ robust optimization on CMARS, a “perturbation” (uncertainty) is
incorporated into the input data (for each dimension) and into the output data:

T . o S v \T
X; = (X1, X 20 % )  Wwillberepresentedas X = (X1, X 5,0 % )

after perturbation A, = (A, A 5,04 )" (i=1,2,..N).
% oK X =X+, |Ajl<py (i=12..p =12, N).

Here, X, (j=12,.,p) isthemean of the data X

i the amount of perturbation in

each dimension is restricted by 0; , which is the semi-axis length of the confidence interval .



confidence interval

(X_T)+

outlier

l

outlier

l

AT ¢
A< p ‘ |X—T|£Bp
P I
T Control variable

semi-length of confidence interval
B:=max{B, |a=1..., K, -1}

« B is normally equal to 2, but for outlier it will be bigger than 2.



RCMARS

The estimation of the basis functions

m

. ), = max{0, Xirqf;

-7 y=max{0,(X, +A )-7 }

<max{0,X , -z, }+max{0,A  }

1 N
< —> max{0, (x , -7 )}+max{0,A ,}

1=1

<A, +max{0,x |
Ix, 1K

J
m

-7 }+max{0,A ;}

i)

:(xj—m%)++A;i+(AmQ+,

(XiKnjq —TK:] )_ = maX{O,TKr{q e Xi"rﬂ]}: maX{O,TK% _(XKnj] +AiKrf] )}

<max{0,7 , — X, }+max{0,-A ,}

<A
iy,

=t maX{O, TKJ- =5 XiK,- }+ maX{O, _Ain }

= (Xin _TKj ), 2 A;j + (AiKJ )_ 1



ARS

By the combination of

(Xi_TKj)_S(X-j_Ti,(j)_‘l'(A-j)_"*'A_- , and (X-j_7-1)+£(x-j_fj)++(A '

] e b e Ao
Ik, I, Ik, Ik, K, IK, Ik, K Ik, I,

Y=+ ¢
A, =max{A’,,A",} : control variable.

The general form of the mth basis function is represented as follows:

H(x P H(x P D T[xa-7). T] A, +4,).

Ac{l,..K,} aeA bef{l,.. K, HA
F3
—wm(xm) wm(xm) 5 v
Uim

(i=12,..N).

v, (X)) -y, (Xim)‘ = ‘uim‘ can be estimated in this way:

|u|m| o~ Z H‘Xia _Ta‘ H ‘+A|b + Alb‘ = Z BiA_ll_[pia H (7/ib + pib)'

e 00 o VT oo’ a1 T2 | B 1 o o Ay a2 G0 acA  befl,. K YA
# <Biafia <Yib+Pib #

where  B.:=max{B,|a=12,...,K_ -1 (i=12..,N).
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Polyhedral Uncertainty anad

Uu. U .. u vV, | /
11 12 IM max 1 - / vertices
Ul Yz o Y| Y

o 8
u u .. U Vv —
| YNt Yz NM LN [ _} >
vertex
Elorl ok 1o o]
L"'JXL"'JXL"'JX XL"'J

l

polyhedral uncertainty sets U , U,

Based on polyhedral uncertainty sets U,, U, , the robust counterpart

min max [z-We|, +¢|Lal.,
a WelU;
zeU,
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Polyhedral Uncertainty anad

ZNXMmaX

U, isa polytope with 2" M ertices W, W 2..., W

W eU, ={ZZajw’ o o1 ) ZZ(SJ_ =1},

j=1

NxM max

where U, = Conv{Wl,Wz,...,W } s the convex hull.

U, is the polytope with 2" vertices  Z%,7%,...,2% :

2" 2
zeU, ={Z¢iz‘ 80 12 o0 Z(pi =1 },
i=1 i=1

N
where U, = conv{z",z%,...,z° } isthe convex hull.



obust CQP with
the Polytopic Uncertainity

Robust conic quadratic programming of RCMARS:

min t

t,a

subjectto z—Wa < L
YVWeU ,6 zeU

21

where L ice-cream (or second-order, or Lorentz) cones.

min

t,a

N

subjectto  z' —W'a el (i=1..,2";j=1..2"")

(Standard) Conic Quadratic Programming



.= _
Stmulation Study

Compare MARS and RMARS methods based on
variation of the parameter estimates.

Obtain 30 different random data sets to apply simulation
for MARS algorithms.

Construct 30 different data sets to apply simulation
for RMARS algorithm with 30 different uncertainty scenarios.

In order to see variation of model performance with parameter estimates,
estimation errors of simulation models are also evaluated based on

AAE and RMSE.

Since it is not easy to illustrate the reduction of estimation variance
In RMARS statistically, this reduction is represented graphically.



ulation Study

The graphical representation for the variance of parameter estimates:

MARS

RMARS

Data

1,0

0,51

0,01

-0,5-

-1,0

-1,5-

-2,04

Boxplot of coefficients for MARS

=

=

8.0

81 82

5.3

Data

1,0

0,5

0,0

-0,51

-1,0

-1,5

-2,0

Boxplot of coefficients for RMARS

8.0

B 1 82

53




ulation Study

The graphical representation for the variance of model performance:

MARS RMARS

Boxplot of estimation errors for MARS Boxplot of estimation errors for RMARS
0,264
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0,20 0,22 -
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8 0,181 L]
8 o018
0,16 4
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0,14 f
0,14 -
0,124
‘ 0,12 1 .
0,104 0.10 1
AAE RMSE AAE RMSE




eal-World Application by RCMARS

Precipitation models help in the design of early warning systems
for disasters such as severe storms, floods and droughts.

For this study, we aimed to build precipitation models for the continental central
Anatolia (CCA) region of Turkey,

where drought has been a recurrent phenomenon for the last few decades.

For this purpose, the RCMARS, MARS and CMARS methods were used,

and then, the models developed were evaluated and compared with respect to several
criteria including accuracy, precision and stability.




eal-World Application by RCMARS

We used RCMARS for precipitation forecasting, and
compared its performance to that of MARS and CMARS.

The dataset studied includes seven meteorological variables:
monthly precipitation total (in millimeters),

monthly mean temperature,

monthly relative humidity (in percent),

cloudiness,

vapor pressure,

surface air temperature,

mean pressure,

mixing ratio.
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A Real-World Application by RCMARS

In RCMARS methodology, we had difficulties regarding computer capacity to solve the
optimization problem using uncertainty matrices on a large amount of data,

consisting of seven variables with 420 rows (one for every month in 35 years), for each one
of the 43 recording stations.

To overcome this problem, the size of data was reduced by taking yearly averages of each
meteorological variable over all stations.

To compare the performances of prediction models constructed, we also applied the hold-
out method as the validation technique, where the dataset is divided into two subsamples as
training and test sets.

Since the dataset contains a time series of meteorological variables, it was not subdivided
randomly.

Instead, the first 30 years (1976-2005) of each variable considered were assigned to be the
training dataset, whereas the last 5 years of the series were assigned to be the test dataset.



eal-World Application by RCMARS

Our basic performance measure to calculate the precision of the models was
prediction variance (PV) which is the variance of the estimated response values.

Also, to compare the results concerning the accuracies of RCMARS, CMARS and
MARS methods, the models developed were also evaluated based on some accuracy
measures like

multiple coefficients of determination (R2 ),
average absolute error (AAE),

root mean squared error (RMSE),
correlation coefficient (r).
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A Real-World Application by RCMARS

We constructed model functions for these data using
MARS Software,

where we selected the maximum number of basis elements: M . =12.

w,(Xx) =max{0, X, +2.0927}, w,(X) =max{0, X, + 14227},
w,(X) =max{0, X, + 0.6001}, v,(X) =max{0, —0.6001 — X},
w:(X) =max{0, X, — 0.2563}, ws(X) =max{0, 0.2563 — X.},
w,(X) =max{0, X; + 0.0875},  w,y(x)=max{0, —0.0875 — X,},
wo(X)=max{0, X, + 2.3288}, ., ,(X)=max{0, X, + 2.4477},
v, (X) =max{0, X, + 0.1409}, ,,(X)=max{0, —0.1409 - X, }.

Here, X;, X, and X, are the normalized mean temperature, cloudiness, and vapor pressure;
X, and Xc are the first-order lagged cloudiness and mean pressure;
Xgand X, are the fifth-order lagged cloudiness and vapor pressure, respectively.

The RCMARS model obtained is a “distributed lag” model due to the fact that it includes
lagged independent variables
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A Real-World Application by RCMARS

» To prevent non-differentiability in the optimization problem, the knot values
selected are different from but very much close to the corresponding input data.

« Asaresult, the largest model can be described as follows:

Mmax
YA = aO ok Z aml//m(x)

m=1
= ay + oy (X) + ap, (X) + a3 (X) + oy, (X) + a5 (X) + s (X) + a7, (X)
+ gl (X) + oy (X) + gy (X) + agpy; (X) + a1, (X)

= o, + o, max{0, X, +2.09278}+ «, max{0, X, + 14228}
+a, max{0, X, + 0.6002}+«, max{0, —0.6002 — X.}
+a; max{0, X, — 0.2564}+ o, max{0, 0.2564 — X}
+a, max{0, X; + 0.0876}+ «, max{0, —0.0876 — X.}
+a,max{0, X, + 2.3289}+ a,, max{0, X, + 2.4478}
+a,, max{0, X, + 0.1410}+max{0, —-0.1410 — X,}.



eal-World Application by RCMARS

Then, the uncertainty is evaluated for all input and output values,
which are represented by confidence intervals(Cls).

Based on polyhedral uncertainty sets, the uncertainty matrices and vectors are obtained.

30x12 360
The uncertainty matrix for input data has a huge size (2 — 2

We do not have enough computer capacity.

Tradeoff between tractibility and robustification.

We formulate a submodel for each sample value (observation)

using the combinatorial approach, which we call weak robustification.

To solve our problem:

We obtain 30 different weak RCMARS (WRCMARS) submodels.
We solve them separately by using MOSEK.

After obtaining result for each of our observation, we select a model which has the
maximum t value using the worst-case approach, and we continue with this model to
calculate our parameter values.
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A Real-World Application by RCMARS

 First, using the training dataset, several MARS models were developed using
Salford System’s MARS software.

« After picking the best one among them, the CMARS model was constructed and robustified
under polyhedral uncertainty.

* While developing RCMARS models, a sensitivity study was conducted to determine the most
suitable confidence limits on both input and output data.

 For this purpose, different uncertainty matrices, U, for the input data, x, and
different uncertainty vectors, v, for the output data, y, were constructed
by using four different intervals.

« These are represented by the pairs £3/5, +3/10, £3/20 and 0 (i.e., zero-length interval).

» Here, the 0-length interval refers to a special case where the RCMARS model reduces to the
CMARS model.

« \We estimated our parameters with four different uncertainty scenarios using PRSS values
under polyhedral uncertainty sets for our training data set.
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A Real-World Appli
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Vcation by RCMARS

Table 1 Performance measures of RCMARS models (Note:* indicates best performance of U for training,
test and stability data with respect to the related performance measure)

] #3/5
v 35 310 320 L1
training tect stability | training test | stability | treining tect stabifity | training texct stability
3 0.7 8 0.833 05959 0513 0845 0558 023" 0.B4E 572" 0767 10850 Q802
RMAE 0380 0256 | Q7ICF 03z 0205 0.E31 312" OLA0F oad 0374 0255 Q&3
RRSE 0.438 0356 0725 0425 0348 0.B1E 0.414" 0351 i0.B4E" O3 0347 " Q730
r 0.5 k= 0252 0214 0.535 os7 0515 0531 i0.5E84" O.B2E Dad4- Q552
PV 0.504 0.523 0863 00 068 O.B5D 0&4s 0741 0.E7E 04585 0585 OLBLE
o 310
v 35 310 13/20 0
training test stability | training test stability | trmining test stabality | treining test =ha b ity
[3 0534 OEs OLEES 0241 0.E0E 0547 0543+ 038R 0.E23 OE'E O.7BD" 0.801"
RMAE 0158 0410 0482 0.1E81 0441 0410 0.172" 048 0372 0373 0311F OLET™
RRASE 025 0530 o477 0238 0558 0428 0.234" 0574 0408 0348 o4i1= D.B42"
r 0.273 0,823 0.B45 05735 0B 0.3 0.535" O.B08 0828 0850 0.500" 0547
P¥ 0732 080D | QslF 0.7BR O.BBD 055 0E20 0554 0858 Q528" 0.E8T" 0214
] £3/20
v 35 310 320 L1
training test st bility training test | stability | treining test stability | training test stability
& 0534 o8 0655 05441 0600 oeqn 0.543" Q388 0623 0.B7E 0. 785" L iy
RAE 0.158 0.410 0482 .11 0441 0.410 0.172" 048 0372 0.233 0D311" QBT 7™
RRASE 0.253 0.330 0477 0238 0.359 0425 0.234" Q374 0408 0345 o411- OE42"
r 0573 0.B23 0.E45 0.575" 0Bl 0.3 Q575 K 0.B2E 0.550 10.500" o247
PV 0752 LB 080" O.7EE 0.ERD 0BG QB0 e OBSD O 628" DLERT™ 0514
o {1
v 13/5 3110 $3/20 0 [CMARS
traiining test stabality | treining test stabality | treining test stability | treining test stabality
[3 0.5 0563 0558 024l 0. 553" 0558 05l 10553 0.558" 057 1 02248 0231
RAE 0.185 Q458 0358 Q18RS 0458 0358 O 1RE 0 458" D358" IR 05453 003
RMSE 0235 0321 0.404 a23s 0.381 0404 o23e 0.35]1" 0404+ 0, 155 0,783 0211
r 027 a7es 0. 787" asw 0765 O.787" sy 0, 75e" 078" 0. 9E6" 06719 0682
PV 0.735" 0.7BR" 0592" 0.735" 0.78E P O735" 078D [FReo )] 10953 12409 0758




eal-World Application by RCMARS

» Based on the findings, the best RCMARS solution was determined for U=+3/5,
+3/10 or £3/20 and v==0.

» For the purposes of comparison, we took U=+3/10 or £3/20 and v==0.

Table 2 The performance measures of the precipitation models (Note:* indicates the best performance for
training, test and stability data with respect to the corresponding performance measure)

Method MARS CMARS RCMARS
Measure | training test stability | training test stability | training test stability
R? 0.957 0.139 0.145 0.971* 0.225 0.231 0.876 | 0.789* | 0.901*
MAE 0.165 0.701 0.235 0.131* 0.6463 0.203 0.273 | 0.311* | 0.877*
RMSE 0.204 0.830 0.246 0.166* 0.788 0.211 0.346 | 0.411* | 0.842*
r 0.978 0.652 0.666 0.986* 0.672 0.680 0.950 | 0.900* | 0.947*
PV 0.957 1.324 0.723 0.953 1.2409 0.768 0.628* | 0.687* | 0.914*

» For the training data, CMARS performed better than the other two methods
with respect to all measures except PV; it was the best for RCMARS.

 For the test data and stabilities, RCMARS considerably outperformed the
other two methods with respect to all measures.
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Conclusion and Outlook on Future Studies

» By introducing a robustification in (C)MARS, we try to decrease the estimation variance
and, we demonstrate their good performance with simulation studies, numerical experiences
and real-world applications.

» According performance criteria, RCMARS can produce more accurate models with
smaller variances when we compare with MARS and CMARS for testing.

» Although we received better performance by RCMARS, we have to solve an extra problem
(by Software MARS, etc.), namely the knot selection (being not necessary for the linear
part) in RCMARS.

» For this reason, as a future work, using the contribution of RCMARS, we study on
Robust Conic Generalized Partial Linear Model (RCGPLM) for modeling, optimization
and robustification to decrease the complexity of RCMARS; that complexity is measured
by the number of variables applied in RCMARS.

» This new semiparametric model approach gains in importance to reduce complexity and
variance of estimation.
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