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learning from data has become very important  

 in every field of science and technology, e.g., in   

 

•  financial sector, 

•  quality improvent in manufacturing, 

•  computational biology, 

•  medicine  and 

•  engineering. 

 

Learning enables for doing estimation and prediction.  

 

 

Introduction 



Regression 
 

• Regression is mainly based on the methods of 

– Least squares estimation, 

– Maximum likelihood estimation. 

• There are many regression models 

– Linear regression models, 

– Nonlinear regression models, 

– Generalized linear models, 

– Nonparametric regression models, 

– Additive models, 

– Generalized additive models. 

 



• The known statistical methods suppose that the input data are  exactly known (fixed) in 
developing models. This introduces a weakness to the methods since, in real-life, both 
output and input data include uncertainty in the form of noise.  
 

• The presence of noise and data uncertainty raises critical problems to be dealt with on 
theoretical and computational side.   
 

• Consequently, after the recent financial crisis, it has been realized that the known 
statistical models may not give trustworthy results.  

 

• Robustification has started to draw more attention in many fields and the corresponding 
regression problems usually depend on complex data bases that are affected by noise 
and uncertainty.  
 

• Robust Optimization has gained lots of concentration from both a theoretical and a 
practical point of view as a modeling framework for ‘‘immunizing’’ against parametric 
uncertainties in mathematical optimization. 

 

• It is a modeling methodology to process optimization problems in which the data are 
uncertain, and are only known to belong to some uncertainty set.  

 

Robustification 



 To estimate general functions of high-dimensional arguments. 

 

 An adaptive procedure. 

 

 A nonparametric regression procedure. 

 

 No specific assumption about the underlying functional relationship between the 
dependent and independent variables. 

 

 Ability to estimate the contributions of the basis functions so that additive and  
interactive effects of the predictors are allowed to determine the response 
variable. 

 

 Uses expansions in piecewise linear basis functions of the form 

MARS:  Multivariate Adaptive Regression Spline 
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 Let us consider  

 The goal is to construct reflected pairs for each input  
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 Set of basis functions:  

 

 Thus,         can be represented by 

 

 

 

                                  are basis functions from       or products of two or more such functions; 

interaction basis functions are created by multiplying an existing basis function with a truncated 

linear function involving a new variable.    

 Provided the observations represented by the data  
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        Two subalgorithms: 

 

(i)     Forward stepwise algorithm: 

 Search for the basis functions. 

 Minimization of some “lack of fit” criterion.  

 The process stops when a user-specified value           is reached.  

 Overfitting.      

 This model typically overfits the data; so a backward deletion procedure is 
applied. 

 

(ii)    Backward stepwise algorithm: 
 

  Prevents from over-fitting by decreasing the complexity of the model 
without degrading the fit to the data.  

 

MARS 

maxM



 Remove from the model basis functions that contribute to the smallest increase               

in the residual squared error at each stage, producing an optimally estimated model             

with respect to each number of terms, called     .  

 

      is related with some complexity of the estimation. 

 To estimate the optimal value of     : 
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PRSS for MARS 

 

 

 

 

 

 

 

 

 

 

 Tradeoff  between both accuracy and complexity.     

 Penalty parameters        .  
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CQP and Tikhonov Regularization for MARS 



 For a short representation, we can rewrite the approximate relation as  
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 Conic quadratic programming: 
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CQP for MARS 
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 CQPs belong to the well-structured convex problems.  

 

 Interior Point Methods. 

 

 Better complexity bounds.  

 

 Better practical performance.  

CQP for MARS 

C-MARS  



 (C)MARS models depend on the parameters.                                                                    

Small perturbations in data may give different model parameters.                  

     This may cause unstable solutions. 

 

 In R(C)MARS, the aim is to reduce the estimation error                                                             

while keeping efficiency as high as possible. 

 

 In order to achieve this aim, we can use some approaches: 

 scenario optimization   

 robust counterpart  

 usage of more robust esrimators 

 

 By using robustification in (C)MARS, the estimation variance will decrease. 

The Idea of Robust (C)MARS 



Robust Optimization 

Laurent El Ghaoui 
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Robust Optimization 
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Robust Optimization 
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Robust Optimization 
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General model on the relation between input and response : 

 ( )  ,Y f  X
1 2 ( , ,..., )T

pX X XX

error term 

mean 

noisy  input data value 

jX is random variable, and we assume that it is normally distributed.  

RCMARS 

To employ robust optimization on CMARS, a “perturbation” (uncertainty)  is 

 incorporated into the input data (for each dimension) and into the output data:  
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The estimation of the basis functions     
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polyhedral uncertainty sets  
1 2
,U U

[. , .] [. , .] [. , .] [. , .]       Cartesian product  .  .  .  . vertex 

vertices 

 .  .  .  . 

 .  . 
 .  .  . 

 . 
 . 

 . 
max

max

max

111 12 1

221 22 2

1 2

...

...
,  .

...

M

M

NN N NM

uu u v

uu u v

vu u u

   
   
       
   
    

U v

Based on polyhedral uncertainty sets                ,  the robust counterpart 1 2,U U

2 2

2 2
1

2

min  max  ,  
U

U





 
W
z

z W L


 

Polyhedral Uncertainty and  

                               Robust Counterpart  



Polyhedral Uncertainty and  

                               Robust Counterpart  
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Robust CQP with  

          the Polytopic Uncertainity 

Robust conic quadratic programming of RCMARS:   
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• Compare MARS and RMARS methods based on  

     variation of the parameter estimates. 
 

• Obtain  30 different random data sets to apply simulation  

     for MARS algorithms. 
 

• Construct 30 different data sets to apply simulation  

     for RMARS algorithm with 30 different uncertainty scenarios. 
 

• In order to see variation of model performance with parameter estimates, 
estimation errors of simulation models are also evaluated based on  

     AAE and RMSE.  
 

• Since it is not easy to illustrate the reduction of estimation variance                                          
in RMARS statistically, this reduction is represented graphically. 

 

Simulation Study 



Simulation Study 

MARS RMARS 

The graphical representation for the variance of parameter estimates: 
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Simulation Study 
The graphical representation for the variance of model performance: 

MARS RMARS 
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Precipitation models help in the design of early warning systems  

for disasters such as severe storms, floods and droughts.  
 

For this study, we aimed to build precipitation models for the continental central 
Anatolia (CCA) region of Turkey,  

where drought has been a recurrent phenomenon for the last few decades.  
 

For this purpose, the RCMARS, MARS and CMARS methods were used,  

and then, the models developed were evaluated and compared with respect to several 
criteria including accuracy, precision and stability.  
 

A Real-World Application by RCMARS 



    We used RCMARS for precipitation forecasting, and  

    compared its performance to that of MARS and CMARS.  
 

    The dataset studied includes seven meteorological variables:  

• monthly precipitation total (in millimeters),  

• monthly mean temperature,  

• monthly relative humidity (in percent),  

• cloudiness,  

• vapor pressure,  

• surface air temperature, 

• mean pressure, 

• mixing ratio.  

 

A Real-World Application by RCMARS 



In RCMARS methodology,  we had difficulties regarding computer capacity to solve the 
optimization problem using uncertainty matrices on a large amount of data,  

consisting of seven variables with 420 rows (one for every month in 35 years), for each one 
of the 43 recording stations.   
 

To overcome this problem, the size of data was reduced by taking yearly averages of each 
meteorological variable over all stations.  
 

To compare the performances of prediction models constructed, we also applied the hold-
out method as the validation technique, where the dataset is divided into two subsamples as 
training and test sets.  
 

Since the dataset contains a time series of meteorological variables, it was not subdivided 
randomly.  
 

Instead, the first 30 years (1976-2005) of each variable considered were assigned to be the 
training dataset, whereas the last 5 years of the series were assigned to be the test dataset. 
 

A Real-World Application by RCMARS 



      Our basic performance measure to calculate the precision of the models was 

prediction variance (PV) which is the variance of the estimated response values.  
 

       Also, to compare the results concerning the accuracies of RCMARS, CMARS and 

MARS methods, the models developed were also evaluated based on some accuracy 

measures like 
 

        multiple coefficients of determination (      ),           

        average absolute error (AAE),  

        root mean squared error (RMSE),                         

        correlation coefficient (r).  
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We constructed model functions for these data using                             

MARS Software,                                                                                              

where we selected the maximum number of basis elements:        . max 12M 
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Here, X1, X2 and X3 are the normalized mean temperature, cloudiness, and vapor pressure; 
 

X4 and X5 are the first-order lagged cloudiness and mean pressure; 
 

X6
 and X7 are the fifth-order lagged cloudiness and vapor pressure, respectively.  

 

The RCMARS model obtained is a “distributed lag” model due to the fact that it includes 
lagged independent variables 
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• To prevent non-differentiability in the optimization problem, the knot values 
selected are different from but very much close to the corresponding input data. 

 

• As a result, the largest model can be described as follows: 
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Then, the uncertainty is evaluated for all input and output values,                       

which are represented by confidence intervals(CIs).   

 

Based on polyhedral uncertainty sets, the uncertainty matrices and vectors are obtained.  

 The uncertainty matrix for input data has a huge size    

 We do not have enough computer capacity. 

 Tradeoff  between  tractibility  and robustification.    

 We formulate a submodel for each sample value (observation)  

     using the combinatorial approach, which we call  weak robustification. 

30 12 360
(2 2 ).



To solve our problem: 

 

•   We obtain 30 different weak RCMARS (WRCMARS) submodels. 

• We solve them separately by using MOSEK.  
 

• After obtaining result for each of our observation, we select a model which has the 
maximum t value using the worst-case approach, and we continue with this model to 
calculate our parameter values. 

A Real-World Application by RCMARS 



• First, using the training dataset, several MARS models were developed using                            
Salford System’s MARS software. 

 

• After picking the best one among them, the CMARS model was constructed and robustified 
under polyhedral uncertainty.  

 

• While developing RCMARS models, a sensitivity study was conducted to determine the most 
suitable confidence limits on both input and output data.  

 

• For this purpose, different uncertainty matrices, U, for the input data, x, and  

      different uncertainty vectors, v, for the output data, y, were constructed  

      by using four different intervals.  

 

• These are represented by the pairs ±3/5, ±3/10, ±3/20 and 0 (i.e., zero-length interval).  
 

• Here, the 0-length interval refers to a special case where the RCMARS model reduces to the 
CMARS model.  
 

• We estimated our parameters with four different uncertainty scenarios using PRSS values 
under polyhedral uncertainty sets for our training data set.  

A Real-World Application by RCMARS 



Table 1 Performance measures of RCMARS models (Note:* indicates best performance of U for training,  

test and stability data with respect to the related performance measure) 
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• Based on the findings, the best RCMARS solution was determined for U=±3/5, 
±3/10 or ±3/20 and v=±0. 
 

• For the purposes of comparison, we took U=±3/10 or ±3/20 and v=±0.  

• For the training data, CMARS performed better than the other two methods 
with respect to all measures except PV; it was the best for RCMARS.  

 

• For the test data and stabilities, RCMARS considerably outperformed the 
other two methods with respect to all measures. 

Table 2 The performance measures of the precipitation models (Note:* indicates the best performance for 
training, test and stability data with respect to the corresponding performance measure) 

Method MARS CMARS RCMARS 

Measure training test stability training test stability training test stability 

R2 0.957 0.139 0.145 0.971* 0.225 0.231 0.876 0.789* 0.901* 

MAE 0.165 0.701 0.235 0.131* 0.6463 0.203 0.273 0.311* 0.877* 

RMSE 0.204 0.830 0.246 0.166* 0.788 0.211 0.346 0.411* 0.842* 

r 0.978 0.652 0.666 0.986* 0.672 0.680 0.950 0.900* 0.947* 

PV 0.957 1.324 0.723 0.953 1.2409 0.768 0.628* 0.687* 0.914* 

A Real-World Application by RCMARS 



 

• By introducing a robustification in (C)MARS, we try to decrease the estimation variance  
and, we demonstrate their good performance with simulation studies, numerical experiences 
and real-world applications.  

 

• According performance criteria, RCMARS can produce  more accurate models with  

      smaller variances when we compare with MARS and CMARS for testing.  

  

• Although we received better performance by RCMARS, we have to solve an extra problem 
(by Software MARS, etc.), namely the knot selection (being not necessary for the linear 
part) in RCMARS.  
 

• For this reason, as a future work, using the contribution of RCMARS, we study on                     
Robust Conic Generalized  Partial Linear Model (RCGPLM) for modeling, optimization 
and robustification to decrease the complexity of  RCMARS; that complexity is measured 
by the number of variables applied in RCMARS.  
 

• This new semiparametric model approach  gains in importance to reduce complexity and 
variance of estimation.  

 
 

Conclusion and Outlook on Future Studies 
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